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a) fg - D grs o g/f Grapher
2 —_
d =1 ;) £ =88 ?) fosg 63. (Continuation of Example 5.) Graph the functions f(x) = /%
g) gof ) fof 1) gog and g(x) = /T = x together with their (a) sum, (b} product,
62, Can a function be both even and odd? Give reasons for your (c) two differences, (d) two quotients,
answer.

64, Let fix) =x —7 and g(x) = x%. Graph f and g together with
fogandgof.

Shifting Graphs

This section shows how to change an equation to shift its graph up or down or
to the right or left. Knowing about this can help us spot familiar graphs in new
locations. It can also help us graph unfamiliar equations more quickly. We practice
mostly with circles and parabolas (becanse they make usefu? examples in calculus),
but the methods apply to other curves as well. We will revisit parabolas and circles

— 2
y=xtl in Chapter 9.
y=x"4+1
y =2 How to Shift a Graph
’ To shift the graph of a function y =" f(x) straight up, we add a positive constant
to the right-hand side of the formula y = f(x).
y = 22
EXAMPLE ) Adding 1 to the right-hand side of the formula y = x* to get
y = x? + 1 shifts the graph up 1 unit (Fig. 33). L
To shift the graph of a function y = f(x) straight down, we add a negative
/ constant to the right-hand side of the formula y = F{x).
i ¥ o
! - EXAMPLE 2 Adding —2 to the right-hand side of the formula y = x? to get
unts y = x? — 2 shifts the graph down 2 units (Fig. 33). N
To shift the graph of y = f(x) to the left, we add a positive constant to x.

33 To shift the graph of f{x) = x> up (or
- down), we add positive (or negative) EXAMPLE 3 Adding 3 to x in ¥ = x% to get y = (x -+ 3) shifts the graph 3
i

I © <pnstants to the formula for £. units to the left (Fig. 34).
- 1 ’
|
Add a positive, Add a ncgauve
constant to x. Constaut 1o x

y= 37 y= (=27
\)&1
| 1 L i
-3 0

34 To shn"c the graph of y == x* to the left, we add a positive constant to x. To shift
the graph to the right, we add a negative constant to x.
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¥ L To shift the graph of y = f(x) to the right, we add a negative constant to x.
l y=x+1y+3 -

EXAMPLE 4 Adding —2 10 x in y = x* 10 get y = (x — 2)? shifts the graph 2
upits to the right (Fig. 34). L

Shift Formulas
-1,3)
VERTICAL SHIFTS

y—k=f{x) or Shifts the graph up k units if & > 0
y=f{x)+k Shifts it down |k| units if k < 0
x HORIZONTAL SHIFTS
= f{x —h) Shifts the graph right h units if & > 0
Shifts it left [h] units if A < O

0,0 /(2,0

EXAMPLE 5  The graph of y = (x — 2)® — 2 is the graph of y = x® shifted 2
units to the right and 2 units down. The graph of y = (x 4+ 1) + 3 is the graph of
y = x* shifted 1 unit to the left and 3 units up (Fig. 35). - 3

. 35 The graph of y = x* shifted to three
new positions in the xy-plane.

Equations for Circles

A circle is the set of points in a plane whose distance from a given fixed point
in the plane is constant (Fig. 36). The fixed point is the center of the circle; the
¥ constant distance is the radius. We saw in Section 2, Example 4, that the circle of
‘ radius ¢ centered at the origin has equation x? 4- y? = 4%, If we shift the circle to
place its center at the point (k, k), its equation becomes (x — 22 + (v — k)% = o2,

The Standard Equation for the Circle of Radius a Centered at the Point
(A, k)

& —m -k =d (1

=+ (y~)?=d?

O

. - . EXAMPLE 6 If the circle x* 4+ y? = 25 is shifted 2 units to the left and 3 units

36 A circle of radius a in the xy-plane, ;
with center at (h, k). up, its new equation is (x + 2)* + (y — 3)* = 25. As Eq. (1) says it should be, this
is the equation of the circle of radins 5 centered at (i, k) = (—2, 3). L)

EXAMPLE 7 The standard equation for the circle of radius 2 centered at
(3,4)is

(x =3+ (y -4 = (2)°
or

(x =37+ (y — 4% = 4.
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There is no need to square out the x- and y-terms in this equation. In fact, it is
better not to do so. The present form reveals the circle’s center and radius. (3

EXAMPLE 8 Find the center and radius of the circle

=1y +5* =3
Solution Comparing

(x =1+ (v — k) = d’
with

= D'+ +57 =3
shows that & = 1,k = -5, and @ = +/3. The center is the point (h, k) = (1, —5);

the radius is @ = +/3. i

mmemms’ wa Technology  Square Windows We use the term “square window” when the
units or scalings on both axes are the same. In a square window graphs are
frue in shape. They are distorted in a nonsquare window,

The term square window does not refer to the shape of the graphic dis-
play. Graphing calculators usually have rectangular displays. The displays of
Compuier Algebra Systems are usually square. When a graph is displaved,
the x-unit may differ from the y-unit in order to fit the graph in the display,
resulting in a distorted picture. The graphing window can be made square by
shrinking or stretching the units on one axis to match the scale on the other,
giving the true graph. Many systems have built-in functions to make the win-
dow “square.” If yours does hot, you will have to do some calculations and set
the window size manually to get a square window, or bring to your viewing
some foreknowledge of the true picture,

On your graphing utility, compare the perpendicular lines y; = x and
¥z = —x —+4 in a square window and a nonsquare one such as [—10, 10]
by {10, 10]. Graph the semicircle y = +/8 — 12 ir the same windows.

Two perpendicular lines and a
semicircle graphed distorted by a
rectangular window.

If an equation for a circle is not in standard form, we can find the circle’s
center and radius by first converting the equation {o standard form. The algebraic
technigue for doing so is completing the square (see inside front cover).

EXAMPLE 9 Find the center and radius of the circle
2+ v dx 6y —3 = 0.
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y .
Exterior: (x — )2 + (v — 2 > a?

>+
s (y\@e

"-'In.teribr: - B2+ (y — i<t

| x

0 h

37 The interior and exterior of the circle
K —hP 4y -k =2

symmelry

Vertex at
origin

[ F b

38 Besides determining the direction in
which the parabala y = ax? opens, the
number & is a scaling factor. The parabola
widens as a approaches zero and narrows
as |a| becomaes large.

Solution We convert the equation to standard form by completing the squares in
x and y: :
p) . . .
x4+ y2 +4dx -6y —-3=10 Start with the given eguulion.
Guther terms, Move the
cenatit e the ight-had
side.

(x?+dx Y+ (P -6y Y=3

4N\? 6N\
(x2+4x+(§))+(y2_6y+(7) =
4 2 -6 2
+(3) 1 (5)
A+ H+ =6y -+ =3+4+9
x+2°+ (-3 =16

Addl the square ol halt The
coefivient of v o cach
side ol the equation, Do
the suee [or v The
pareptheticu] gxpressions
on the leli-hond stede are

now perfect sguasres.
Write vach quadratic as a
sgtived Hinear expression,

With the eguation now in standard form, we read off the center’s coordinates and
the radius: (h, k) = (—2,3) and a = 4. o

Interior and Exterior

The points that lie inside the circle {x — A)* + (y — k)? = g are the points less
than a units from (4, k). They satisfy ithe inequality

(x =B + (v — k) < .
They make up the region we call the interior of the circle (Fig. 37).

The circle’s exterior consists of the points that lie more than a units from
{h, k). These points satisfy the inequality

(x =)’ +(y—k)? > d.

EXAMPLE 10
Inequality Region
x4yt <l Interior of the unit circle
- | Unit circle plus its interior
x?+y*>1  Exterior of the unit circle
x4y > 1 Unit cirele plus its exterior L

Parabolic Graphs

The graph of an equation like y == 3x” or y = —5x? that has the form
y = ax?
is a parabola whose axis {axis of symmetry) is the y-axis. The parabola’s veriex
(point where the parabola and axis cross) lies at the origin. The parabola opens
apward if 2 > 0 and downward if @ < 0. The larger the value of |af, the narrower
the parabola (Fig. 38).
If we interchange x and y in the formula y = ax?, we obtain the equation

x = ay”.




x
-2 -1 Q 1 2
,ﬂ/% \Vertex at origin
i
e - \\
_]_ —
7

I

35 The parabola x = ay? is symmetric
about the x-axis. 1t opens to the right if
a >0 and to the left if a < 0.

ﬂﬂﬂﬂﬂ

40 The graphs of the functions y = /x
and y = —/x join at the origin to make
the graph of the equation x = y*
{Example 11).

¥

vy=alx - +k

h

New axis is the line x

9

New vertex
is (h, &)

\

\

|
o k

41 The parabola y = ax?, a > 0, shifted h
units to the right and k units up.
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With x and v now reversed, the graph is a parabola whose axis is the x-axis and
whose vertex lies at the origin (Fig. 39).

EXAMPLE 11 The formula x = y? gives x as a function of y but does not give
v as a function of x. If we solve for y, we find that y = =:./x. For each positive
value of x we get two values of v instead of the required single value.

When taken separately, the formulas y = ./x and y = —./x do define functions
of x. Fach formula gives exactly one value of v for each possible value of x. The
graph of y = ,/x is the upper half of the parabola x = y%. The graph of y = —/x

T

is the lower half (Fig. 40). i

The Quadratic Equation y = ax?* + bx +¢c, a#0
To shift the parabola y = ax? horizontally, we rewrite the equation as
y = a(x — k)%
To shift it vertically as well, we change the equation to
y -k = alx —h)> )

The combined shifts place the vertex at the point (4, k) and the axis along the line
x = h (Fig. 41). .

Normally there would be no point in multiplying out the right-hand side of
Eq. (2). In this case, however, we can learn something from doing so because the
resulting equation, when rearranged, takes the form

y:axz—l—bx—f—c. (3

This tells us that the graph of every equation of the form y = ax? -+ bx + ¢, a # 0,
is the graph of y = ax? shifted somewhere else. Why? Because the steps that take
us from Eq. (2) to Eq. (3} can be reversed to take us from (3) back to (2). The
corve y = ax? + bx + ¢ has the same shape and corientation as the curve y = ax?.

The axis of the parabola y = ax® -+ bx + ¢ turns out to be the line x = —b/(2a).

The y-intercept, y = ¢, is cbtained by setting x = 0.

The Graph of y = ax? +be +¢, a#0

The graph of the equation y = ax® 4 bx +c,a # 0, is a parabola. The
parabola opens upward if 2 > 0 and downward if @ < 0. The axis is the
line
b [C)
x=—s 4)
The vertex of the parabola is the point where the axis and parabola intersect.
Its x-coordinate is x = —b/2a; its y-coordinate is found by substituting
x = --b/2a in the parabola’s equation. -

EXAMPLE 12  Graphing a parabola

1
Graph the equation y = fixz —x+4.
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Vertex is (* ,

Point symmetric
with y-intercept

Preliminaries

Intercept aty = 4

L
=24y 0 (G4
A
RN
Lo t.2
:} sl y o= 2x x4+ 4
3 \
<‘.1 1+
| S R - L x
-3 -2 -1 0
|
|

Intercepts at
x=-4andx =2

42 The parabola in Example 12,

SR

Solution We take the following steps,

Step 1: Compare the equation with y = ax*® + bx + ¢ to identify a, b, and c.

1
T b:‘ —13
2

a =

c=4

Step 2: Find the direction of apening. Down, because a « 0.

Step 3: Find the axis and vertex. The axis is the line

b (-1
S 2(-1/2)

==
s0 the x-coordinate of the vertex is —1. The y-coordinate is

_.1, Eq. o4y

e _?
y= gD D A=

The vertex is (—1,9/2).
Step 4: Find the x-intercepis (if any).

3%k 1A= 0 SRR
x? +2x—-8=0 Solve as usual.

(x =D +4) =0

x =2, x = —d4

Step 5: Skeich ihe graph. We plot points, sketch the axis (lightly), and use what
we know about symmetry and the direction of opening to complete the graph
(Fig. 42). L

Exercises 4

Shifting Graphs
1. Figure 43 shows the graph of y = —x? shifted o two new posi-

tions. Write equations for the new graphs,

2. Figure 44 shows the graph of y = x? shifted to two new positions.
Write equations for the new graphs.

by

Position (a)

43 The parabolas in Exercise 1.

Position (b)

44 The parabolas in Exercise 2.
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3. Match the equations.listed in (a)—{d) to the graphs in Fig. 45. . labeling each graph with its equation. Use the graphs in Fig. 26 for
a) y=(x—1)72—4 by ye=(x—2%+2 reference as needed.
6 y=(x+2P2+42 d) y=(x+3?-2 5. x2+y2 =49 Down 3, lefc 2
y 6. x2+y? =25 Up3, left 4
7. y=x* left 1, down 1
\ / 8 y=x%* Right 1, down I
Position2 /i Position | 9. y=+x Left0.81
' 10. y=—,% Right3
B 1. y=2x—
Position 3 N y ?ix 7 U7
12. y = -2-(x+1)+5 Down 5, right 1
ol .
2.2 L 22 13. x =3 Leftl 14, x = —3y% Up2, right 3
L1 X 15. y=1/x Up 1, right 1 16. y = 1/x% Left 2, down 1
0 12 Graph the functions in Exercises 17-36. Use the graphs in Fig. 26
Position 4 for reference as needed. ’
17, y=/x +4 18, y =9 —x
19. v =[x — 2] 20, y=1—-x|—-1
o 2. y=1+5 -1 2. y=1- /%
23, vy = (x +1)¥3 24, y=(x — 83
45 The parabolas in Exercise 3. 25 y=1-3*° 26. y +4 = x*
27. y=4x—-1-1 28, y=(x+ 2774 |
4. Figure 46 shows the graph of y = —x? shifted to four new posi- 1 1
tions. Write an equation for each new graph. 2. y= ¥ _2 30: y = P 2
‘ 1 1
¥y
My=—+2 A 32, v=
1,4 i TTx+2
-2.3) 3oy Moy=— -
RNTIYE T
(1) (a) 1 1
35 y= - +1 36 y=——
y=at Y Ey
[ . (2,00 5 37. The accompanying figure shows the graph of a function F(x)
(4, ~1) \ with domain [0, 2] and range [0, 1]. Find the domains and ranges
' 5 of the following functions, end sketch their graphs.
\ .
{©) / (d)
/ i ~, ¥=1x
/ [
0 2
46 The parabolas in Exercise 4.
a}  flx)+2 by flxy-1
Bxercises 5-16 tell how many units and in what directions the graphs ) 2f(x) d ~flx
of the given equations are to be shifted. Give an equation for the e S+ £y fx-1
shifted graph. Then sketch the original and shifted graphs together, gy Fi-x) h) —~flx+1)+1 ™.
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38. The accompanying figure shows the graph of a function g(¢) with
domain [—4, 0] and range [—3. 0. Find the domains and ranges
of {he following functions, and sketch their graphs.

a)  g(~1) b)) —gin

¢ g +3 d 1-g@

e} g(—1+2) f) git—-2)

g) g(l—1 h)y gt -4
Circles

In Exercises 39-44, find an gquation for the circle with the given
center C'(k, k) and radins a. Then sketch the circle in the xy-plane.
Include the circle’s center in your ske}cl]. Also, label the circle’s x-
and y-intercepts, if any, with their coordinate pairs.

39. (0,2, a=2 40, C(—3,0), a=3
41, C(=1,5), a=+/10 42. C(h 1), a=+2
43. C(=/3,-2), a=2 44. C(3,1/2), a=5

Graph the circles whose equations are given in Exercises 45-50. Label
each circle’s center and intercepts (if any) with their coordinate pairs.

45, % +y? 4 dx 4y +4=0
45:'; x4 y? ~ Bx b4y +16 =0
47, 24yt -3y —4=0

d8. 2+ —4x - 9/ =10
49, 324 Y2 —dx 44y =0

850, P+ 4 2x =3

Parabolas

Graph the parabolas in Exercises 5138, Label the vertex, axis, and
intercepts in eachcase.

51, y=x>—2x =3
83, y = —x+4x
{85, y=—x?—6x—5

52, y=xt 4+ 4x 3
4, y=—x>-+4x =5
56, v =2x% — x 43

1 1
5’7.y:5x2+x+4 58.y=—2x2+2x+4

59. Graph the parabola ¥y = x - x*. Then find the domain and range
of f(x) =+x—x2

60. Graph the parabola y = 3 — 2x — x*. Then find the domain and
range of g(x) = +/3 — 2x — x2. :

Inequalities

Describe the regions defined by the inequalities and pairs of inequal-
ities in Exercises 61--68.

61. 22y =7

62 2 +yP <5

63. (x—- 12+ <4

64 X2+ (y—22 >4

5. Py, Py <4

66. 2P+ yP <4, (x+DP4y2 <4
67. x4+ 32 +6y <0, v> -3
568. Xyl —dx L2y >4, x>2

69. Write an inequality that describes the points that lie inside the
circle with center (—2, 1) and radius +/6.

70. Write an inequality that describes the points that lie outside the
circle with center (—4, 2) and radius 4.

71. Write a pair of inequalities that describe the points that lie inside
or on the circle with center (0, 0} and radius /2, and on or to
the right of the vertical Iine through (1, 0).

72. Write a pair of inequalities that describe the points that lie outside
the circle with center {0, ) and radius 2, and inside the circle
that has center (1, 3) and passes through the origin.

Shifting Lines ,

73. The line y = mx, which passes through the origin, is shifted
vertically and horizontally to pass through the point (xg, vo).
Find an equation for the new line. (This equation is called the
line’s point—slope equation.)

74. The line y == mx is shifted vertically to pass through the point
(0, b). What is the new line’s equation?

Intersecting Lines, Circles, and Parabolas

In Exercises 75-82, graph the two equations and find the points in
which the graphs intersect.

75. y=2x, *+¥ =1

76 x+y=1 (x—-172+y7=1
7. yv—x=1, y=2x°
78oxdy=0, y=—-(x-D?
TGy = —x?, y=2wr -1

1
80, y= sz, y=(x—1)7
8Ll +yP=1, x—-1F4yi=1
82. 2+yr =1, *+y=1

£ CAS Explorations and Projects

In Exercises 83-86, you will explore graphically what happens to the
graph of y = f(ax) as you change the value of the constant a. Use
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a CAS or computer grapher to performm the following steps. 83. F(x) — 25 110, 10]
a} Plot the function ¥ = f(x) together with the function y = f{ax) ) x* 44
for @ = 2,3, and 10 over the specified interval. Describe what 2x(x—1)
. .. 8. flx)=———. [-3,2]
happens to the graph as & increases through positive values. - 241
b) Plotthe function y == f(x} and y = f{ax) for the negative values x+1
a = —2,—3. What happens to the graph in this situation? 85. fx) = 22+ 1 (~2.2]
¢) Plot the function y = f(x} and y = f{ax) for the fractional 2t —4x? 110
values a = 1/2, 1/3, 1/4. Describe what happens to the graph 86. f(x)= i a [~1,4]
when |a| < 1. . x*+ ~

Trigonometric Functions

This section reviews radian measure, irigonometric functions, periodicity, and basic
trigonometric identities.

Radian Measurg

In navigation and astrononty, angles are measured in degrees, but in calculus it is
best to use units called radians because of the way they simplify later calculations
{(Section 2.4).

Let ACB be a central angle in a unit circle (circle of radius 1), as in Fig. 47.

ans |
‘  Degrees Radians | 47 The radian measure of angle ACB is
Unit circle the length of the arc AB.
7 //‘ 9
m R .
3 // 45| N Zl The radian measure 8 of angle ACB is defined to be the length of the circular arc
1 / 1 AB. Since the circumference of the circle is 2m and one complete revolution of a
. ! /7_r i circle is 360°, the relation between radians and degrees is given by the following
L8 2 L4 2 equation.
1 1 ) -
7 radians == 180° }
t
iy |
30 3
2 2
3 3 EXAMPLE 1 Conversions (Fig. 45)
7w
60 2 . bis g
1 L —""-3"'"-?— Convert 45° to radians: 45 . — = 1 rad

48 The angles of two common triangles, Convert — tad o degrees: 7~ 180 = 30 .
in degrees and radians. T LA




