Preliminaries

Overview This chapter reviews the main things you need to know to start caleulus.
The topics include the real number system, Cartesian coordinates in the plane,
straight lines, parabolas, circles, functions, and trigonometry.

m%&m%w&m&%mm&%m»
Real Numbers and the Real Llne

This section raviews real numbers, inequalities, intervals, and absolute values.

Real Numbers and the Real Line

Much of calculus is hased on properties of the real number system. Real numbers
are numbers that can be expressed as decimals, such as

3
—= = —0.75000. ..
4
L 0.33333
=0
V2 =14142.
The dots ... in each case indicate that the sequence of decimal digits goes on

forever.
The real numbers can be represented geometrically as points on a number line
called the real line.

L1 | 1 |
1 V2 2 Ao 4

-2 -1
The symbol R donotes either the real number system or, equivalently, the real line.

Properties of Real Numbers

The properties of the real number system fall into three categories: algebraic prop-
erties, order properties, and completeness. The algebraic properties say that the real
numbers can be added, subtracted, multiplied, and divided {except by 0) to produce
more real numbers under the usual rules of arithmetic. You can never divide by 0.
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2 Preliminaries

The order properties of real numbers are summarized in the following list.

The symbol = means “implies.”

Notice the rules for multiplying an
inequatity by a number. Multiplying by a
positive number preserves the inequality;
multiplying by a negative number
reverses the inequality. Also,
reciprocation reverses the inequality for
numbers of the same sign.

Rules for Inequalities
If g, b, and c are real numbers, then:

1. a<b=a+c<b+t+c

2. a<b=a—-c<b—-c

3. a<bandc>0=ac<bc

4. ga<bamdc <= bc <ac
Special case: a < b= —h < —a

1
5 a>0=->10
a

1 1
6. If @ and b are both positive or both negative, then a « b == R < -

a

The completeness property of the real number system is deeper and harder to
define precisely. Roughly speaking, it says that there are enough real numbers to
“complete” the real number line, in the sense that there are no “holes” or “gaps”
in it. Many of the theorems of calculus would fail if the real number system were
not complete, and the nature of the connection is important. The topic is best saved
for a more advanced course, however, and we will not pursue it.

Subsets of R
We distinguish three special subsets of real numbers.

1. The natural numbers, namely 1,2,3,4, ...

2. The integers, namely 0, +1, £2, 43, ...

3. The rational numbers, namely the numbers that can be expressed in the form
of a fraction m/n, where m and n are integers and n 3 0. Examples are

1 4 200 57
oo 22 d s1=2L
3 Ty 130 1

The rational numbers are precisely the real numbers with decimal expansions
that are either

a} terminating (ending in an infinite string of zeros), for example,

% = 0.75000... = 0.75 or

b) repeating (ending with a block of digits that repeats over and over), for example

73 The bur indicates the
17 = 2.090909... =209, blowk of epting
digits. -

The set of rational numbers has all the algebraic and order properties of
the real numbers but lacks the completeness property. For example, there is no
rational number whose square is 2; there is a “hole” in the rational line where +/2
should he.
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Real numbers that are not rational are called irrational numbers. They are char-
acterized by having nonterminating and nonrepeatin g decimal expansions. Examples
are i, «/E, «?/g, and log,, 3. :

Intervals

A subset of the real line is called an interval if it contains at least two numbers and
contains all the real aumbers lying between any two of its elements. For example,
the set of all real numbers x such that x > 6 is an interval, as is the set of all x such
that —2 =< x < 5. The set of all nonzero real numbers is not an interval; since Q is
absent, the set fails to contain every real number between —1 and 1 (for example}.

Geometrically, intervals correspond to rays and line segments on the real line,
along with the real line itself. Intervals of numbers corresponding to line segments
arc finite intervals; intervals corresponding to rays and the real line are infinite
intervals.

A finite interval is said to be closed if it contains both of its endpoints, half-
open if it contains one endpoint but not the other, and open if it contains neither
endpoint. The endpoints are also called boundary points; they make up the in-
terval’s boundary. The remaining points of the interval are interior peints and
together make up what is called the interval’s interior, ‘

Table 1 Types of intervals

{xla < x < b}
a b
[a, b] {xla <x < b}
@ ;
[a, B) {xja < x < b}
z 5
{a, b] {xla < x < b}
a b
(a, co) {xlx = a}
[a. o0) {xlx = a)
a
(—00, ) {xix < B}
le .
(—00, b] [xlx < B}
(—o0, 00) R (set of all real b
numbers)
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T Solutions for Example 1.

Solving Inequalities

The process of finding the interval or intervals of numbers that satisfy an inequality
in x is called solving the inequality.

EXAMPLE 1 Solve the following inequalities and graph their solution sets on
the real line.
6

a)';’lx~1<x+3’ b) —%<2x+1 c) ;—;—135
Sclution
a) 2r—-1<x+3
2x < x+4 Add 1 1o both sides,
x <4 Subtzact .o from hoth sides,

The solution set is the interval (—oo, 4) (Fig. 1a).

b X,
) —— < 2Zx+1

3

—x < 6x+3 Multiply hoth sides by 3,
0 <7x4+3 Add vt both sides

-3 < Tx Subtract 3 from both sides.
3

—— <X Divide by 7.
7

The solution set is the interval (—3/7, oc) (Fig. 1b).

¢} The inequality 6/(x — 1) > 5 can hold only if x > 1, because otherwise
6/(x — 1) is undefined or negative. Therefore, the inequality will be preserved
if we multiply both sides by (x — 1), and we have

6 -5
x—17

6>5x—35 Multiply both sides by (x - 1).

11 = 5x Add 5 to both sides.
11 11
— ZX. Ory = -,
= 3
The solution set is the half-open interval (1, 11/5] (Fig. 1c). L

Absolute Vaiue

The absolute value of a number x, denoted by |x|, is defined by the formula

. X, x>0
|x} =
—X, x <0

EXAMPLE2  [31=3, [0}=0, |-5/=—(~3)=5, |~-fal|=a] 0O

Notice that [x| > 0 for every real number x, and |x| = 0 if and only if x =0,



it is important to remember that

~/a? = |a|. Do not write +/a2 = a unless
you &lready know that a > 0.

N ,
T i f

-5 0 3

.>-<-—|3J—>

- =j-4l=3—
T i
1 4

2 Absotute values give distances
between points on the number line.

Notice that absolute value bars in
expressions like | — 3 -+ 5| also work like
parentheses: We do the arithmetic inside
before taking the absolute value.
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Since the symbol /a always denotes the nonnegative square root of a, an alternate
definition of x| is

x| = /x2,

Geometrically, |x| represents the distance from x to the origin 0 on the real
line. More generally (Fig. 2)
|x = y| = the distance between x and y.

The absolute value has the following properties.

Absolute Value Properties

1. | —al =la A number and its negative have the same absolute
vaiue.
2. |ab| = |ailb| The absolute value of a product is the prociuct of
the absolute values.
’ 5 ‘ Ebl The absolute value of a quotient is the quotient of

the absolute values.

The triangle inequality The absolute value of
the sum of two numbers is less than or equal
to the sum of their absolute values. ‘

4. la+ 0] = [a] + 15|

If a and & differ in sign, then |a + b| is less than |a| + |b|. In all other cases, |z + b
equals |a| 4 |&].

EXAMPLE 3
[=3+5|=2]=2<|=3/+5| =38
3+5] = (81 =13 + 3]
| =35 =1-8=8=|-3[+|-5 =)
EXAMPLE 4 Solve the equation |2x — 3[ = 7.

Solution The equation says that 2x — 3 = 17, so there are two possibilities:

Dy —3F =7 2% -3 = —7 Equivalent equations
withour absolute vatues
2x =10 2x = -4 Solve as usual. )
x=5 X = -=2
The solutions of |2x — 3| =7 are x = 5 and x = —2, 4

Inequalities Involving Absolute Values
The inequality |a| < D says that the distance from & to 0 is less than D, Therefore,”

‘a must lis between D and —D.
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The symbol < means “if and only if,” or
“implies and is impled by.”

|
-4 5 14

3 The sclution set of the inequality
|x — 5] < 9 is the interval (—4, 14) graphed
here {Example 5).

{a)

(0

4 Graphs of the solution sets (a) [1, 2]
and (b) (—o0, 1JU[2, o} in Example 7.

Intervals and Absolute Values
If D is any positive number, then

ol <D <& —D<a<D, (1

| =D & —-D=<a<D. {2)

EXAMPLE 5
the real line.

Solve the inequality [x — 5| < 9 and graph the solution set on

Solution [x =5 <9
V< x-5<9 Tq. (1)
945 < x <9 45 i;i]{fl; t‘o each parl to
—4 < x < 14
The solution set is the open interval (—4, 14) (Fig. 3}. U
. . 2
EXAMPLE 6 Solve the inequality |5 — —| < 1.
Cx
Solution We have
2 2
45——<1 & —l<5——<1 Eg. (1)
x X
2
& -6 < ﬁ; < —4 Subtract 5.
, 1 {
& 3> -2 Multiply by — —.
x 2
&> 1 ! Take reciprocals
— < X = . ake recipracals,
3 2

Notice how the various rules for inequalities were used here. Multiplying by a
negative number reverses the inequality. So does taking reciprocals in an inequality
in which both sides are positive. The original inequality holds if and only if (1/3) <
x < (1/2). The solution set is the open interval (1/3, 1/2). N

EXAMPLE 7

Solve the inequality and graph the solution set:
a) [2x—3[<1 b) 2% 3> 1
Solution .
a) |2x —3| <1
—1=2x-3 =1 Eq. (2
2=<2x <4 Add 3.
1<x <2 Divide by 2.

The solution set is the closed interval [1, 2] (Fig. 4a). -
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, . : b) C2x =3 =1

Union and intersection
—3=1 or —(2x—-3) >
Notice the use of the symbol U to denote the -3z (2% =
union of intervals, A number lies in the 2x -3 =1 or 2x—3 < -1 Multiply second
union of two sets if it lies in either set. mequality by —1.
. 3 1 3 1

Similarly we use the symbol N to denote X — > = or x—-Z < .z Divide by 2,
intersection, A number lies in the ' 2712 2 '
intersection 7 N J of two sets if it lies in 0 or <1 Addd 3
both sets I and J. For example, r= r = el
[L3)yN[2,4]=[23). The solution set is (—oo, 11U [2, co) (Fig. 4b). n
Exercises 1
Decimal Representations Absolute Value
1. Express 1/9 as a repeating decimal, using a bar to indicate the  Solve the equations in Exercises 13-18.

repeating digits. What are the decimal representations of 2/9?3/9? 43 iyl =3 4. |y —3|=7 15. 2t + 5| =4

8/97

9 s

2. Express 1/11 as a repeating decimal, using a bar to indicate the 16+ 11—/ =1 17. |8~ 3sf = 3 18. Fi - II =1

repeating digits. What are the decimal representations of 27117
3/117 9/117? :

Inequalities

3. If 2 < x < 6, which of the following statements about x are nec-
essarily true, and which are not necessarity true?

a) O<x<4 b) 0<x—2<4

x 1 1 1
Z <3 d) =l <2
c) 1<2< ) 6<x<2
6
e) l<—-<3 ) x—4<2
v X
2) —6<—x<?2 h) —6<—x <=2

4. If —1 < y — 3 < 1, which of the following statements about y are
necessarily true, and which are not necessarily true?

a) d<y<b b) ~6<y<—4
¢ y>4 ‘ d) vy<6
@) D<y—4<2 f) z<§<3
1 1 1
g) 6<;<Z hy |ly—-5/<1

In Exercises 5-12, solve the inequalities and graph the solution sets.

5 —2x >4 6.8-3x>5
T 5x—3<7-3x 8 32 —x)>23+2x)
1 7 6-x 3x—4
9, 2x — = = .
X 227x+6 10 7 < )
4 1 T+5 1243

Solve the inequalities in Exercises 19-34, expressing the solution sets
as intervals or unions of intervals. Also, graph each solution set on
the real line.

19, 3] <2 20, x| <2 2. -1 <3
22 40+7 < 1 23, 3y -7 <4 24 [2y+5| <1
4 3 1 1
E < 2. |2;-1| < 7.3 | <=
25’5 ‘_1 > '_2 7.3 <2
2 1
28, ——4| <3 29. 25] = 4 30. !S—I—3|25
X .
3L 1 —x| > 1 32, [2-3x > 5 33. r;rl’y
3r 2
N A | N
34 3 >5

Quadratic Inequalities

Solve the inequalities in Exercises 35-42. Express the solution sets
as intervals or unions of intervals and graph them. Use the result
~a? = |a| as appropriate. ’

35 x> <2 36. 4 < x? 37. 4 < x* <9

1 1 : *
38.§<x2<3 39. -1 <4 40, (x+3)° <2
41 x2—x <0

42, 32 - x -2 0

Al
e

Theory and Examples\

43. Do not fall into the trap | — @] = a. For what real numbers ¢ is
this equation true? For what real numbers is it false?
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44, Solve the equation {x — 1| = 1 —x. 48. Grzph the inequality |x| + |¥| < 1.
45. A proof of the triangle inequality. Give the reason justifying %8 49. GRAPHER
each of the numbered steps in the following proof of the triangie a)  Graph the functions f(x) = x/2 and g(x) = 1+ (4 /x) to-

inequality. gether to identify the values of x for which
la + b == (a+b)* {n x 4
= f2ab b PR
< a? + 2%allb| + b* ) b) ‘Confirm your findings in {a) algebraically.
< lal? + 2lal[b] + 1B (3) 8 50. GRAPHER
= (|a} + |b])* ) a) Grephk the functions f(x)=3/(x—1) and g(x)=
o+ bl < [a] + 1B @ 2/(x + 1) together to i;lentify thze values of x for which

46. Prove that |ab| = {a||b] for any numbers a and &.

‘ Y—1 X +1
47, If < 3 and —1/2, what hout x7 .
= x> can you say aoout £ b) Confirm your iindings in (a) algebraically.

P 2 e PRI
Coordinates, Lines, and Increments

This section reviews coordinates and lines and discusses the
notion of increment.

B R R ]

y Cartesian Coordinates in the Plane ‘
- - Pla. ) The positions of all points in the plane can be measured with respect o two
Positive y-axis perpendicular real lines in the plane intersecting in the O-point of each (Fig. 5).
\3“ These lines are called coordinate axes in the plane. On the horizontal x-axis,
2 numbers are denoted by x and increase to the right. On the vertical y-axis, numbers
are denoted by y and increase npward. The point where x and y are both O is the
_ N S origin of the coordinate system, often denoted by the letter O.
Negative x-axis Origin . . . .

' N s | O If P is any point in the plane, we can draw lines through P perpendicular to
T3 2 -1 0 1 %2 a3 the two coordinate axes. If the lines meet the x-axis at g and the y-axis at b, then a
1 \ is the x-coordinate of P, and b is the y-coordinate. The ordered pair (a, b) is the
Newa . Positive r-axis point’s coordinate pair. The x-coordinate of every point on the y-axis is 0. The

egative y-axis ol y-coordinate of every point on the x-axis is 0. The origin is the point (0, 0.
I The origin divides the x-axis into the positive x-axis to the right and the
-3 negative x-axis to the left. It divides the y-axis into the positive and negative y-

axis above and below. The axes divide the plane into four regions called quadrants,

: . numbered counterclockwise as in Fig. 6.
5 Cartesian coordinates. ) ‘

A Word About Scales

When we plot data in the coordinate plane or graph formulas whose variables have
different units of measure, we do not need to use the same scale on the two axes. If
we plot time vs. thrust for a rocket motor, for example, there is no reason to place
the mark that shows 1 sec on the time axis the same distance from the origin as the
mark that shows 1 b on the thrust axis. _

When we graph functions whose variables do not represent physical measure-
ments and when we draw figures in the coordinate plane to study their geometry
and trigonometry, we iry to make the scales on the axes identical. A vertical unit




